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Abstract
In this paper, we study the invariant polynomial ring of the generalized Clifford–Weil group and
give a connection to Jacobi modular forms over the totally real field. The invariant polynomials can
be constructed from the weight enumerators of type II codes over the Galois rings.
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1. Introduction
Recently there has been intensive research connecting invariant theory and coding
theory over various rings. The complete weight enumerator of codes over rings can be
considered as an invariant polynomial under a certain finite group. It has been shown how
to construct various modular forms from the weight enumerators of codes (see, for instance,
[1, 7]) over the rings. One notes that codes over F22 have been studied with respect to their
binary image under the gray map. The modular lattices were induced from codes over F22
and constructed Jacobi forms over the certain K = Q(√5) and Hilbert modular forms over
K from their various weight enumerators [3]. Generally, we have an embedding from the
invariant polynomial ring of the Clifford–Weil group [12] to that of the Jacobi form over a
certain totally real field K .
In this paper we study a more general situation, namely, we define codes over the Galois
ring and study the invariant polynomial ring where the complete weight enumerators of
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these codes belong. It turns out that such an invariant polynomial ring, called “the invariant
ring of a generalized Clifford–Weil group”, can also be embedded to the space of Jacobi
forms over certain totally real fields K . A further generalized Clifford–Weil group has
already appeared in [13].1
This paper is organized as follows. In Section 2 the necessary definitions and notations
related to the Galois ring are introduced and a code including the type II code over
the Galois ring is defined and its properties are studied. In Section 3 a generalized
Clifford–Weil group is defined, which is motivated from the MacWilliam identities and
type II properties of a code defined over the Galois ring. In Section 4 we construct a
modular lattice from the ring of integers of a totally real field with a certain condition,
and then consider a reduction map to a Galois ring. In Section 5 Jacobi forms over a totally
real field K are introduced. In Section 6, a correspondence, via algebra homomorphism,
between the invariant polynomial ring of a generalized Clifford–Weil group, where the
complete weight enumerators of type II codes over the Galois ring belong, and that of
Jacobi forms over K has been studied. In the final section, we provide the complete list of
type II codes, up to permutation equivalent, over GR(4, 2) of length 4.
2. Codes over Galois rings
2.1. Galois ring
A local principal ideal ring is uniquely defined (up to isomorphism) by its cardinality
and characteristic (see, for instance, [10]). Such a ring is called a Galois Ring, which is
denoted by GR(2m, f ) for cardinality 2m f and characteristic 2m . Observe GR(2, f ) = F2 f
and GR(2m, 1) = Z2m (:= Z/2mZ). For 1 ≤ t ≤ m, GR(2m, f )/2tGR(2m, f ) is also
a Galois ring of characteristic 2t . So one can identify GR(2m+1, f )/2mGR(2m+1, f ) 
GR(2m, f ). For each u ∈ GR(2m, f ), we denote by u¯ an inverse image of the above map,
i.e., is an element in GR(2m+1, f )/2mGR(2m+1, f ). Note that an inverse image u¯ of u is
unique only up to modulo the ideal (2m). The following lemma shows more about u¯2.
Lemma 2.1. u¯2 in GR(2m+1, f ) is independent of choice of u¯, for each u in GR(2m, f ).
Proof. Let v¯ be an element of u¯ + 2mGR(2m+1, f ) ∈ GR(2m+1, f )/2mGR(2m+1, f ).
So, v¯ = u¯ + 2mw for some w ∈ GR(2m+1, f ). Then, v¯2 = u¯2 + 2m+1u¯w + 22mw2. Since
the characteristic is 2m+1, we have v¯2 = u¯2. 
The subset T = {a ∈ GR(2m, f ) | a2 f = a} is called the Teichmu¨ller set,
which is a set of representatives of GR(2m, f )/2GR(2m, f )  GR(2, f ) = F2 f . We
can uniquely represent u ∈ GR(2m, f ) as u0 + 2u1 + · · · + 2m−1um−1, for some
u j ∈ T , 0 ≤ j ≤ m − 1. The Frobenius map σ : GR(2m, f ) → GR(2m, f ) is a
ring automorphism
σ : u0 + 2u1 + · · · + 2m−1um−1 → u20 + 2u21 + · · · + 2m−1u2m−1
1 We would like to thank to referee who informed us of this.
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where u j ∈ T . The trace map from GR(2m, f ) to Z2m is defined by
trGR(2m, f )/Z2m (u) =
f −1∑
j=0
σ j (u).
2.2. Codes over Galois rings
Codes over a ring, in particular, over Z2m have already been studied in [6, 7]. We can
discuss about codes over GR(2m, f ) as a similar manner.
A code C over GR(2m, f ) is defined as a submodule of GR(2m, f )n . We denote the
Euclidean inner product by c · d := c1d1 + c2d2 + · · · + cndn for each c = (c1, . . . , cn),
d = (d1, . . . , dn) ∈ GR(2m, f )n . A dual code C⊥ of C is a submodule {d ∈ GR(2m, f ) |
d · c = 0 for any c ∈ C}. A code C is called self-dual if C = C⊥.
Any code C over GR(2m, f ) is permutation equivalent to a code generated by a matrix
of the form

Ik0 A0,1 A0,2 A0,3 · · · A0,m−1 A0,m
0 2Ik1 2A1,2 2A1,3 · · · 2A1,m−1 2A1,m
0 0 22 Ik2 22 A2,3 · · · 22 A2,m−1 22 A2,m
...
. . .
...
0 0 0 0 · · · 2m−1 Ikm−1 2m−1 Am−1,m

 , (1)
where Iki is the identity matrix of size ki , k0 + k1 + · · · + km = n and Ai, j is a matrix over
GR(2m, f ). Code C contains 2 f k many codewords where
k =
m−1∑
i=0
(m − i)ki .
In this case, we say that a code C is of type (2m f )k0 (2(m−1) f )k1 · · · (2 f )km−1 . One can see
that the dual code C⊥ of C with the generator matrix (1) is generated by a matrix

B0,m B0,m−1 · · · B0,3 B0,2 B0,1 Ikm
2B1,m 2B1,m−1 · · · 2B1,3 2B1,2 2Ikm−1 0
22 B2,m 22 B2,m−1 · · · 22 B2,3 22 Ikm−2 0 0
...
...
2m−1 Bm−1,m 2m−1 Ik1 · · · 0 0 0 0

 .
Note that C⊥ contains 2 f k⊥ many codewords with
k⊥ =
m∑
i=1
iki
and is of type (2m f )km (2(m−1) f )km−2 · · · (2 f )k1 (see [8]).
Now we introduce a concept of type II code over the Galois ring:
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Definition 2.2. A code C over GR(2m, f ) is of type II if C is self-dual and
n∑
j=1
c¯2j = 0, for any c = (c1, c2, . . . , cn) ∈ C,
as an element in GR(2m+1, f ).
Consider a map Q : GR(2m, f )n → Z2m+1 defined by
Q(c) :=
n∑
j=1
trGR(2m+1, f )/Z2m+1 (c¯
2
j ).
Note that the map Q is well-defined from Lemma 2.1. Using this map one can characterize
the type II property:
Proposition 2.3. Let C be a code over the Galois ring GR(2m, f ). Then C is of type II iff
Q(c) = 0 for any c ∈ C.
Proof. It is clear about “if”. Since the trace is nondegenarate, so is Q. Then “only if”
holds. 
Remark 2.4. The type II code defined here is a generalized concept of that studied in
[2, 5, 14, 15] and is compatible with that in [1].
The following also characterizes the type II property of codes over the Galois ring:
Proposition 2.5. Let C be a self-dual code over GR(2m, f ), B = {b1, b2, . . . , b f } be
a basis of GR(2m, f ) over Z2m and {v1, v2, . . . , vk} be a set of generators of C over
GR(2m, f ). C is of type II iff Q(biv j ) = 0 for any 1 ≤ i ≤ f and 1 ≤ j ≤ k.
Proof. The statement “only if” is obvious. So let us consider about “if”. By
Proposition 2.3, it suffices to show that Q(u + v) = 0 for any u, v ∈ C such that
Q(u) = Q(v) = 0. Let u, v ∈ C such that Q(u) = Q(v) = 0,
Q(u + v) = Q(u) + Q(v) + trGR(2m+1, f )/Z2m+1 (2(u¯ · v¯))
= trGR(2m+1, f )/Z2m+1 (2(u¯ · v¯)).
Moreover,
trGR(2m+1, f )/Z2m+1 (2(u¯ · v¯)) = 0
if and only if
trGR(2m, f )/Z2m (u · v) = 0.
Since C is self-dual, u · v = 0, then Q(u + v) = 0. Therefore, the result follows. 
The complete weight enumerator cweC(X) of C is a polynomial in C[xu | u ∈
GR(2m, f )] defined by
cweC (X) =
∑
c∈C
xc1 xc2 · · · xcn .
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3. A generalized Clifford group and its invariant ring
3.1. Generalized Clifford group
Let GR(2m, f )∗ be the set of units of a Galois ring GR(2m, f ). For an element
r ∈ GR(2m, f )∗, we define Lr and dr as C-algebra endomorphisms of the polynomial
ring C[xu | u ∈ GR(2m, f )] with indeterminate indexed by elements in GR(2m, f ) as
Lr (xu) := xur , dr (xu) := ζ Q(ru)2m+1 xu
for all u ∈ GR(2m, f ), where ζ j = e(2π i/j ). We also have the MacWilliams transformation
hm defined by
hm(xu) := 2(−m f/2)
∑
v∈GR(2m , f )
ζ
trGR(2m , f )/Z2m (uv)
2m xv
for all u ∈ GR(2m, f ).
Definition 3.1. The group Gm, f := 〈hm , dr | r ∈ GR(2m, f )∗〉 is called a Generalized
Clifford–Weil group.
Remark 3.2. 1. The group G1, f is called the Clifford–Weil group and has already
been studied in [3, 12]. It turns out that its polynomial invariant ring can be embedded
to the ring of Jacobi forms over certain totally real fields [3].
2. In the case of the Clifford–Weil group, it is known that G1, f contains an element Lr ,
for any r ∈ GR(2m, f )∗. However, if m > 1, it is not clear, yet, if Lr is an element
of Gm, f for any r ∈ GR(2m, f )∗.
3. A more general type of Clifford–Weil group had already been studied in [13]. In our
setting the bilinear map was taken as a trace map.
3.2. Invariant ring and code over GR(2m, f )
Let us denote the invariant ring of the generalized Clifford–Weil group Gm, f as
C[X]Gm, f := {H ∈ C[xa | a ∈ GR(2m, f )] | N · H (xa) = H (xa)
for any N ∈ Gm, f }.
Here, the group action is defined as a matrix multiplication
N · H (X) := H (N · X)
for each N ∈ Gm, f .
Proposition 3.3. If a code C is a type II code over GR(2m, f ), then the complete weight
enumerators cweC (X) of C lie in the invariant ring C[X]Gm, f .
Proof. Since a type II code C is self-dual, cweC (X) is preserved by hm . By
Proposition 2.3, cweC(X) is also preserved by dr for any r ∈ GR(2m, f )∗. Therefore,
the result follows. 
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Remark 3.4. In the case when m = 1 and f = 1, 2 the invariant polynomial ring of
Gm, f is generated by complete weight enumerators of type II codes (doubly-even self-
dual codes) over F2 f (see [3, 12, 15]).
4. Modular lattices
From now on we consider the following field K ; K is a totally real field with the
extension degree f . Assume that K is the Galois extension with |Gal(K/Q)| = f . “Tr”
denotes the trace function Tr : K → Q. Let OK be the ring of integers of K with the form
OK = Zα1 + Zα2 + · · · + Zα f ,
where
B˜ := {α1, . . . , α f }
is a Z-basis of OK . Further assume that 2 is inert in K , i.e.,N ((2)) = 2 f . For example, if
f = 2, one can take K = Q(√5).
Next, consider the reduction map modulo an ideal (2m),
Ψm : OK → GR(2m, f )
defined in the usual way. So,
OK /2mOK  GR(2m, f ).
We denote by u˜ an inverse image of u ∈ GR(2m, f ) in OK under the above map Ψm , i.e.,
u˜ ≡ Ψ−1m (u) (mod (2m)). Let
GR(2m, f ) := {u˜ ∈ OK | u˜ ≡ Ψ−1m (u) ∀u ∈ GR(2m, f )}.
Let Aγ be a matrix indexed by GR(2m, f ) such that
(Aγ )uv =
{
ζ
Tr(γ u˜2)
2m+1 for v = u
0 otherwise
with ζ2m+1 = e2π i/2(m+1) and u˜ is an element in Ψ−1m (u). From the following Lemma 4.1
and Lemma 2.1 shows that the matrix Aγ is well-defined, i.e., independent of the choice
of u˜2.
Lemma 4.1.
Ψm+1(Tr(u)) = trGR(2m+1, f )/Z2m+1 (Ψm+1(u)),
∀u ∈ OK and any m ≥ 1.
Proof. Since the trace of u ∈ OK is the coefficient of the characteristic polynomial of u
with degree f over Z and the trace of Ψm+1(u) ∈ GR(2m+1, f ) is also the coefficient of
the characteristic polynomial of Ψm+1(u) with degree f over Zm+1. By the choice of K ,
both characteristic polynomials should be equivalent modulo 2m+1. 
Theorem 4.2. Gm, f = 〈h, Aγ | 0 = γ ∈ OK 〉.
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Proof. Let G = 〈h, Aγ | 0 = γ ∈ OK 〉. First, we will show Gm, f ⊂ G. Since Ψm+1
is surjective, there exists γ ∈ OK such that Ψm+1(γ ) = r¯2 for any r ∈ GR(2m, f ).
By Lemma 4.1, Aγ = dr . Hence, Gm, f ⊂ G. Next, we will show Gm, f ⊃ G. We can
representΨm+1(γ ) = c¯20 + 2c¯21 + · · · + 2mc¯2m for c j ∈ T ⊂ GR(2m, f ). Then
Aγ = dc0d2c1 · · · d2
m
cm
.
So, Gm, f ⊃ G. The result follows. 
5. Jacobi form over the totally real field K
We recall the definition of Jacobi forms over the totally real field K with extension
degree f over Q and theta-functions. We follow the definition given in [16].
5.1. Jacobi group
The Jacobi group of the totally real field K with extension degree f over Q will be
denoted by
Γ J (K ) := SL2(OK ) O2K .
This group acts onH f × C f , whereH denotes the complex upper half plane. Variables of
this space will be listed as, (τ, z) := (τ1, . . . , τ f , z1, . . . , z f ). The action of Γ J (K ) on the
spaceH f × C f is given by,
(
α β
γ δ
)
∈ SL2(OK ),
(
α β
γ δ
)
· (τ, z) :=
(
α(1)τ1 + β(1)
γ (1)τ1 + δ(1) , . . . ,
α( f )τ2 + β( f )
γ ( f )τ2 + δ( f ) ,
z1
γ (1)τ1 + δ(1) , . . . ,
z f
γ ( f )τ f + δ( f )
)
and, for all [λ,µ] ∈ O2K ,
[λ,µ] · (τ, z) := (τ1, τ2, z1 + λ(1)τ1 + µ(1), . . . , z f + λ( f )τ f + µ( f )).
Remark 5.1. It is known (see [9]) that SL2(OK ) is generated by the matrices(
0 −1
1 0
)
,
(
1 b
0 1
)
, ∀b ∈ OK .
5.2. Jacobi forms
We first introduce the following notations: for τ ∈ H f , z ∈ C f , γ , δ ∈ OK , denote
N (γ τ + δ) :=
f∏
j=1
(γ ( j )τ j + δ( j )),
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e
2π iTrK/Q
(
m
γ z2
γ τ+δ
)
:=
f∏
j=1
e
2π im( j)
γ ( j)z2j
γ ( j)τ j +δ( j) ,
e−2π iTr(m(λ2τ+2λz)) :=
f∏
j=1
e−2π im( j)(λ( j)
2
τ j +2λ( j)z j ).
Definition 5.2. Given k ∈ Z and m ∈ OK , a function g : H f × C f → C is said to be a
Jacobi form of weight k and index m for the totally real field K with extension degree f if
it is an analytic function satisfying
1.
(g |k,m M)(τ, z) := N (γ τ + δ)−ke
−2π iTr
(
m
γ z2
γ τ+δ
)
g(M · (τ, z))
= g(τ, z),∀M =
( ∗ ∗
γ δ
)
∈ SL2(OK ).
2.
(g |m [λ,µ])(τ, z) := e−2π iTr(m(λ2τ+2λz))g(τ, [λ,µ] · z) = g(τ, z).
And it has the following Fourier expansion:
3.
g(τ, z) =
∑
n,r∈δ−1K ,n≥0
c(n, r)e2π iTr(nτ+rz).
Here δ−1K is the inverse difference of K .
Remark 5.3. 1. The C-vector space of Jacobi forms of weight k and index m for the field
K is denoted by Jk,m(Γ1(OK )).
2. Note that letting z = 0 one obtains a Hilbert modular form g(τ, 0) from a Jacobi
form over K .
5.3. Theta series
The more general form of the following theta-function was first introduced and studied
in [16] to show the correspondence between the space of Jacobi forms over the totally real
field and that of the vector valued modular forms. For each µ ∈ GR(2m, f ), consider the
following theta-series:
θ2m−1,µ(τ, z) :=
∑
r∈δ−1K ,r≡µ (mod(22m))
e
2π iTr
(
r2τ
2m+1 +rz
)
. (2)
Then, by the Poisson summation formula, the theta-series satisfies the following
transformation formula.
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Lemma 5.4. 1.
(
θ2m−1,µ| 1
2
,2m−1
(
1 b
0 1
))
(τ, z) = e2π iTr
(
µ2b
2m+1
)
θ2m−1,µ(τ, z),∀b ∈ OK ,
2. (
θ2m−1,µ| ,2m−1
(
0 −1
1 0
))
(τ, z)
=
χ
(
0 −1
1 0
)
2m f/2
∑
ν∈GR(2m , f )
e
2π iTr
(
µν
2m
)
θ2m−1,ν(τ, z)
with χ4
((
0 −1
1 0
))
= 1.
Proof. The standard tool using the Poisson summation formula gives the result. Here, we
omit the detailed proof. 
6. Invariant space and ring of Jacobi forms over K
Let K be the field given in Section 4, where 2 is inert in K .
Theorem 6.1. Let C[X]Gm, f be the invariant ring of the generalized Clifford–Weil group
defined before. Then the following map
Φm : ⊕∈ZC[X]Gm, f4 → ⊕∈Z J2,2m+1(Γ1(OK )),
given by
Φ(H (xa | ∀a ∈ GR(2m, f ))) = H (θ2m−1,µ | ∀µ ∈ GR(2m, f )),∀H ∈ C[X]Gm, f4 ,
is an algebra homomorphism.
Remark 6.2. In Theorem 6.1 a correspondence is given only for the invariant polynomial
ring whose homogeneous degree is divisible by 4. In the case of m = 1, it is known
that every element in C[X]G1, f has a homogeneous degree divisible by 4 (see [4, 11]). In
general it seems that the homogeneous degree of every element in C[X]Gm, f is divisible
by 4, but we have not checked this yet.
Proof. From Remark 5.1, it is enough to check two transformation formulas of g(τ, z) :
= H (θ2m−1,µ(τ, z) | µ ∈ GR(2m, f )) to check the modularity; let deg(H ) = 4, and take
any b ∈ OK ,
g
((
1 b
0 1
)
· (τ, z)
)
= H ((θ2m−1,µ(τ + b, z) | µ ∈ GR(2m, f )))
= H
((
ζ
Tr(µ2b)
2m+1 θ2m−1,µ(τ, z) | µ ∈ GR(2m, f )
))
= H (Ab · (θ2m−1,µ(τ, z) | µ ∈ GR(2m, f )))
= H (θ2m−1,µ(τ, z) | µ ∈ GR(2m, f )).
1
2
484 K. Betsumiya, Y. Choie / European Journal of Combinatorics 25 (2004) 475–486
The last equality follows from the fact that
H (xa) ∈ C[X]Gm, f
and
(Ab)µµ =
(
ζ
Tr(µ2b)
2m+1
)
∈ C[X]Gm, f , ∀b ∈ OK
from Theorem 4.2.
Next,
g
(
−1
τ
,
z
τ
)
= H
(
θ2m−1,µ
(
−1
τ
,
z
τ
)∣∣∣∣µ ∈ GR(2m, f )
)
= H

χ ( 0 −11 0
)
N (τ ) 12 e2π iTr
(
2m−1 z
2
τ
)
× hm · (θm,µ(τ, z) | µ ∈ GR(2m, f ))


= N (τ )2e2π iTr
(
2m+1 z
2
τ
)
H (hm · (θ2m−1,µ(τ, z) | µ ∈ GR(2m, f )))
(since deg(H ) ≡ 0 (mod 4))
= N (τ )2e2π iTr
(
2m+1 z
2
τ
)
H ((θ2m−1,µ(τ, z) | µ ∈ S2m , f )).
Here, M · (θ2m−1,µ | µ ∈ S2m , f ) is denoted as a matrix multiplication. Next, to check the
elliptic property, first note that, for any (λ1, λ2) ∈ O2k , and for each µ ∈ GR(2m, f ),
θ2m−1,µ(τ, z + λ1τ + λ2) =
∑
r∈δ−1K ,r≡µ (mod(2m))
e
2π iTr
(
r2τ
2m+1 +r(z+λ1τ+λ2)
)
= e−2π iTr(2m−1(λ21τ+2λ1z))
×
∑
r∈δ−1K ,r≡µ (mod(2m))
e
2π iTr
(
(r+2λ1)2
2m+1 τ+(r+2λ1)z
)
= e−2π iTr(2m−1(λ21τ+2λ1z))θ2m−1,µ(τ, z).
So, the elliptic property of g(τ, z) is now immediate. The conditions at the cusps can also
be checked using the expansions of each theta-series θ2m−1,µ(τ, z) and we omit the detailed
proof. 
7. Example: a complete list of type II codes over GR(4, 2) of length 4
In this section we give a complete list of type II codes, up to permutations equivalent to
their complete weight enumerators, over GR(22, 2) of length 4.
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Note that there are two types of type II codes of length 4, namely, type 162 and type 16 ·42.
Let
GR(22, 2) = Z[x]/(4, x2 + x + 1) = Z4[w], for w2 + w + 1 = 0.
Then note that Teichmu¨ller set T of GR(22, 2) is {w, 3w + 3}.
1. In the case of type 162: there are 2 codes of type 162. The following are generator
matrices of type II codes:
(
1 0 w w+1
0 1 3w+3 w
)
and
(
1 0 w w+1
0 1 w+1 3w
)
.
2. In the case of type 16 · 42: there are 2 codes of type 16 · 42. The
following are generator matrices of type II codes:
(
1 1 1 2w+1
0 2 0 2
0 0 2 2
)
and(
1 1 1 2w+3
0 2 0 2
0 0 2 2
)
.
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